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Abstract
In this paper, we will investigate some interesting properties of the modified q-Euler num-
bers and polynomials. The main purpose of this paper is to construct p-adic q-Euler measure
on Zp.
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1. Introduction, Definitions and Notations
Let p be a fixed odd prime. Throughout this paper Zp, Qp, C and Cp will respectively
denote the ring of p-adic rational integers, the field of p-adic rational numbers, the complex
number field and the completion of the algebraic closure of Qp. Let vp be the normalized
exponential valuation of Cp with |p|p = p
−vp(p) = 1/p, see [1], [2], [3]. When one talks
of q-extensions, q is variously considered as an indeterminate, a complex q ∈ C, or a p-adic
number q ∈ Cp. If q ∈ C, one normally assumes |q| < 1. If q ∈ Cp, then we assume
|q − 1| < p−
1
p−1 , so that qx = exp(x log q) for |x|p ≤ 1, see [4], [5], [6]. It was well known
that Euler numbers are defined by
2
et + 1
=
∞∑
n=0
En
tn
n!
, see [1], [2], [3], [4], [5], [6].
In the recent paper [3], the q-extension of Euler numbers are defined inductively by
2E0,q = 1, q(qE + 1)
n + En,q =
{
[2]q if n = 0
0 if n 6= 0
with the usual convention of replacing Em by Em,q. In [1], the definition of modified q-Euler
numbers E0,q is introduced by
E0,q =
[2]q
2
, (qE + 1)k − Ek,q =
{
[2]q if k = 0
0 if k > 0
with the usual convention of replacing E i by Ei,q.
For a fixed positive integer d with (p, d) = 1, set
Xd = lim
←
N
Z/dpNZ, X1 = Zp,
X∗ = ∪
0<a<dp
(a,p)=1
(a+ dpZp),
a+ dpNZp =
{
x ∈ X : x ≡ a (mod dpN)
}
,
where a ∈ Z satisfies the condition 0 ≤ a < dpN , see [6].
We say that f is a uniformly differentiable function at a point a ∈ Zp, and write f ∈
UD(Zp), if the difference quotient
Ff (x, y) =
f(x)− f(y)
x− y
has a limit f´(a) as (x, y)→ (a, a). For f ∈ UD(Zp), an invariant p-adic q-integral was defined
by
Iq(f) =
∫
Zp
f(x)dµq(x) = lim
N→∞
1
[pN ]q
pN−1∑
x=0
f(x)gx, see [8].
The q-extension of n ∈ N is defined by
[n]q =
1− qn
1− q
= 1 + q + q2 + ... + qn−1,
and
[n]−q =
1− (−q)n
1− (−q)
= 1− q + q2 − ...+ (−q)n−1, see [3],[4],[5].
The modified p-adic q-integral on Zp is defined by
3I−q(f) =
∫
Zp
f(x)dµ−q(x),
where dµ−q(x) = lim
q→−q
dµq(x). In this paper, we will investigate some interesting properties
of the modified q-Euler numbers and polynomials. The purpose of this paper is to construct
p-adic q-Euler measure on Zp.
2. p-adic q-Euler Measure on Zp
q-Euler numbers are known by
E0,q =
[2]q
2
, (qE + 1)n − En,q =
{
[2]q if n = 0
0 if n > 0
with the usual convention of replacing E i by Ei,q, see [1]. It was known that the q-Euler
numbers can be represented by p-adic q-integrals on Zp as follows:
En,q =
∫
Zp
q−x[x]nq dµ−q(x) = [2]q
(
1
1− q
)n n∑
l=0
(−1)l
(
n
l
)
1
1 + ql
, see [1].
We now also consider the q-Euler polynomials as follows:
En,q(x) =
∫
Zp
q−x[t+ x]nq dµ−q(t) =
n∑
l=0
(
n
l
)
qxlEl,q[x]
n−l
q .
Thus, we note that
En,q(x) = [d]
n
q
[2]q
[2]qd
d−1∑
a=0
(−1)a En,qd
(
n+ a
d
)
, see [1]. (2.1)
Let χ be the Dirichlet’s character with odd conductor d ∈ N, and let Fχ,q(t) be the
generating function of En,χ,q as follows:
Fχ,q(t) = [2]q
∞∑
n=0
(−1)n χ(n)e[n]qt =
∞∑
n=0
En,χ,q
tn
n!
, see [1]. (2.2)
From (2.2) we derive
En,χ,q = [d]
n
q
[2]q
[2]qd
d−1∑
a=0
(−1)a χ(a)En,qd
(a
d
)
. (2.3)
For any positive integers N, k and d (odd), let µ∗k = µ
∗
k,q;E be defined by
µ∗k(a + dp
NZp) = (−1)
a [dpN ]kq
[2]q
[2]
qdp
N
E
k,qdp
N
(
a
dpN
)
. (2.4)
4Then we see that
p−1∑
i=0
µ∗k(a+ idp
N + dpN+1Zp)
= [dpN+1]kq
[2]q
[2]
qdp
N+1
p−1∑
i=0
(−1)a+idp
N
E
k,qdp
N+1
(
a+ idpN
dpN+1
)
= (−1)a [dpN+1]kq
[2]q
[2]
qdp
N+1
p−1∑
i=0
(−1)i E
k,(qdpN )p
( a
dpN
+ i
p
)
= (−1)a [dpN ]kq
[2]q
[2]
qdp
N
(
[2]
qdp
N
[2](qdpN )p
[p]k
qdp
N
p−1∑
i=0
(−1)a E
k,(qdpN )p
( a
dpN
+ i
p
))
= (−1)a [dpN ]kq
[2]q
[2]
qdp
N
E
k,qdp
N
(
a
dpN
)
= µ∗k(a+ dp
NZp).
It is easy to see that |µ∗k| ≤ M, for some constant M . Therefore we obtain the following:
Theorem 1. For any positive integers N, k and d (odd), let µ∗k = µ
∗
k,q;E be defined by
µ∗k(a+ dp
NZp) = . (−1)
a [dpN ]kq
[2]q
[2]
qdp
N
ε
k,qdp
N
(
a
dpN
)
.
Then µ∗k is a measure on X.
From the definition of µ∗k, we derive the following:
∫
X
χ(x)dµ∗
k
(x) = lim
N→∞
dpN−1∑
a=0
χ(a)µ∗
k
(a + dpNZp)
= lim
N→∞
dpN−1∑
x=0
(−1)xχ(x)[dpN ]kq
[2]q
[2]
qdp
N
E
k,qdp
N
(
x
dpN
)
= lim
N→∞
[d]kq [p
N ]kqd
[2]q
[2]qd
[2]qd
[2](qd)pN
dpN−1∑
x=0
(−1)xχ(x)E
k,qdp
N
(
x
dpN
)
(2.5)
= [d]kq
[2]q
[2]qd
lim
N→∞
[2]qd
[2](qd)pN
[pN ]kqd
d−1∑
a=0
pN−1∑
x=0
(−1)a+dxχ(a+ dx)E
k,(qd)pN
( a
d
+ x
pN
)
= [d]kq
[2]q
[2]qd
lim
N→∞


d−1∑
a=0
[2]qd
[2](qd)pN
[pN ]kqd
pN−1∑
x=0
(−1)aχ(a)E
k,(qd)pN
( a
d
+ x
pN
)

5and by equation (2.1), this becomes
∫
X
χ(x)dµ∗
k
(x) = [d]kq
[2]q
[2]qd
d−1∑
a=0
(−1)aχ(a)En,qd
(a
d
)
.
By using (2.3) and (2.5), we obtain the following:
Theorem 2. For any positive integer k, we have∫
X
χ(x)dµ∗
k
(x) = Ek,χ,q.
From Theorem 1 and equation (2.1), we note that
µ∗k(a+ dp
NZp)
= (−1)a
[2]q
[2]
qdp
N
[dpN ]kqEk,qdpN
(
a
dpN
)
=
(
k∑
l=0
(
k
l
)
q
dpN a
dpN
l
E
l,qdp
N [
a
dpN
]k−l
qdpN
)
(−1)a
[2]q
[2]
qdp
N
[dpN ]kq
= E0,q[
a
dpN
]kqdpN (−1)
a [2]q
[2]
qdp
N
[dpN ]kq + (−1)
a [2]q
[2]
qdp
N
[dpN ]kq
k∑
l=1
(
k
l
)
ql
= E0,qdpN [
a
dpN
]kqdpN (−1)
a [2]q
[2]
qdp
N
[dpN ]kq + (−1)
a [2]q
[2]
qdp
N
[dpN ]kq ·
k∑
l=1
(
k
l
)
qlE
l,qdp
N
[
a
dpN
]k−l
qdp
N
=
[2]qdpn
2
[a]kq
[dpN ]kq
(−1)a
[2]q
[2]
qdp
N
[dpN ]kq + (−1)
a [2]q
[2]
qdp
N
[dpN ]kq · .
k∑
l=1
(
k
l
)
qlE
l,qdp
N
(
[a]q
[dpN ]q
)k−l
.
Thus, we have
lim
N→∞
µ∗k(a+ dp
NZp) =
[2]q
2
(−1)a[a]kq
= qa
[2]q
2
(−1)aq−a[a]kq
= q−a[a]kq lim
N→∞
µ−q(a + dp
NZp),
6where d is a positive odd integer. Therefore we obtain the following:
Theorem 3. For any positive integer k, we have
q−x[x]kqdµ−q(x) = dµ
∗
k(x).
Corollary 1. Let k be a positive integer. Then we have
Ek,χ,q =
∫
X
χ(x)dµ∗
k
(x) =
∫
X
χ(x)q−x[x]kqdµ−q(x).
Let d = (d, p) be the least common multiple of the conductor d of X and p, and let En,χ,q
denote the n-th generalized q-Euler number belonging to the character χ. Then we have the
/q-analogue form of Witt’s formula in the cyclotomic field Qp(χ) as follows:
For all n ≥ 0, we have
En,χ,q = lim
ρ→∞
[2]q
2
dpρ∑
x=1
(−1)χ χ(x)[x]nq . (2.6)
Herein as usual we set χ(x) = 0 if x is not prime to the conductor d. From (2.6) we derive
En,χ,q = lim
ρ→∞
[2]q
2
∗∑
1≤x≤dpρ
(−1)x χ(x)[x]nq
+ lim
ρ→∞
[2]q
[2]qp
[2]qp
2
∗∑
1≤x≤dpρ
(−1)x χ(p)χ(x)[p]nq [x]
n
qp
= lim
ρ→∞
[2]q
2
∗∑
1≤x≤dpρ
(−1)x χ(x)[x]nq
+
[2]q
[2]qp
lim
ρ→∞
[2]qp
2
χ(p)[p]nq
∗∑
1≤x≤dpρ
(−1)x χ(x)[x]nqp ,
where ∗means taking the sum over the rational integers prime to p in the given range. Thus
we have
En,χ,q = lim
ρ→∞
[2]q
2
∗∑
1≤x≤dpρ
(−1)χ χ(x)[x]nq +
[2]q
[2]qp
χ(p)[p]nq En,χ,qp,
that is,
7En,χ,q −
[2]q
[2]qp
χ(p)[p]nq En,χ,qp = lim
ρ→∞
[2]q
2
∗∑
1≤x≤dpρ
(−1)χ χ(x)[x]nq
=
∫
X∗
(−1)xχwn(x) 〈x〉nq dµ−q(x),
where 〈x〉q =
[x]q
w(x)
, and w(x) is the Teichmu¨ller character.
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